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.1: The trading strategy for the investor and the related issuance strategy for the issuer are optimized for dierent investor-asset-issuer combinations. Dierent investor types face dierent probabilities of a forced sale λ, costs of trading K, and tax codes. A tax code consists of four tax rates (τ, τ G , τ M D , τ I ):
respectively, a tax rate on interest income, a tax rate on capital gains, a tax rate on market discount income and a tax rate on the issuer's interest expense.
I assume that, from issuance to maturity, a taxable individual investor is indierent between buying the coupon bond or investing in a one-period bond.
The individual faces a tax code that is a realistic approximation to the actual U.S. federal income tax code. It includes all rules about original issue discount and market discount, both regular and de minimis, as well as acquisition premium and premium amortization. I assume that investors in taxable bonds choose to amortize premium instead of taking a capital loss when the bond matures or is disposed of. This assumption is standard in the literature (see also Strnad, 1995) because choosing to amortize premium dominates the alternative for virtually every taxpayer.
Once determined the respective amounts, interest income, capital gains/losses, and market discount income are taxed respectively at at tax rates τ , τ G , and τ M D . The model allows for dierent types of taxpayer. For instance, for individual investors, τ is zero for tax-exempt bonds and 40% for taxable bonds. For nonlife insurance companies, τ is 5.25%
for tax-exempt bonds and 35% for taxable bonds (Burstein, 2007) . In addition, interest is deemed a deductible expense for the issuer at a tax rate τ I (zero for tax-exempt issuers, and 35% for taxable issuers). Dierent investors may face dierent costs of trading K, and may have dierent liquidity shocks λ. Although the paper only reports the results for individual investors with no liquidity shocks and transaction costs, in order to study the sensitivity of the results to dierent sets of assumptions, I derive the optimal trading strategy for dierent investor types, listed in Table IA. 1. All the ndings in this paper hold qualitatively for all types of investor.
For a given tax code (τ, τ G , τ M D ), total tax liability is calculated using two functions, Tax t (·), the tax on current income, and Tax S t (·), the tax on realized gains or losses realized upon a sale. These functions are dened in 1.3.1 and 1.3.2 below.
The interest rate process
Similar to Constantinides and Ingersoll (1984) , I assume that the long-run distribution of the interest rate is uniform. In particular, the interest rate r is modeled as a Markov process with N r = 21 discrete values (r ∈ {0%, 0.5%, . . . r max = 10%}). Time is divided into discrete one-year ticks. Each year, the interest rate has a positive probability of either staying at the same level, or jumping by up to two percentage points (e.g., if r t = 5%, r t+1 ∈ {3%, 3.5%, . . . , 6.5%, 7%}). The following table shows the probability distribution of rate changes.
. Investors are assumed to be risk-neutral. This assumption slightly aects the value of tax timing options. The direction of this eect depends on what we assume about the investor's stochastic discount factor. However, for tax-exempt bonds, the tax-timing option is in the money when the bond price has fallen, and therefore the assumption of risk neutrality likely understates the value of the tax-timing option, which reduces the bond's overall risk.
Consistent with this view, Longsta (2011) demonstrates the existence of a negative tax risk premium using municipal rate swaps. For taxable bonds, much of the tax advantage comes from realizing gains. In this case, the assumption of risk neutrality is likely to overstate the value of the tax-timing option. In any case, the importance of this assumption should not be overstated.
I also assume that investors trade optimally and all the incremental value is captured by the issuer. Part of the value could be captured by the investors who initially bid for the bonds, if they are not bidding against one another in a fully competitive way. Moreover, investors could anticipate that they will not be able to time their trading optimally, but perhaps only realize a loss once in a while if it's large enough. In this case, part of the value will not be recognized at all. Even so, the choice of coupon is assumed to be costless for the issuer, and therefore if any part of the value is captured by the issuer, the issuer has an incentive to issue at a premium.
The investor's problem, or pricing the bond
A bond of face value 1 paying coupon c matures at time T . At time t < T , a riskneutral investor maximizes the present value of after-tax nal wealth. Taking the bond characteristics as given, the investor's utility is
a function of four state variables: the time of purchase t buy , the investor's book yield b (i.e.
the yield to maturity of the bond at t buy ), the short rate r t , and the original issue yield y 0 .
At every period, the investor can choose to hold on to the bond (Do Not Sell), or to realize the position's unrealized gain or loss by selling the bond and buying it back (Sell).
If the investor decides to hold, however, the bond will still be sold (and the gain or loss realized) with a probability λ. Each sale, voluntary or involuntary, incurs a proportional transaction cost K. This yields the following denition for the value function:
where P t is the market price of the bond, and 1 (i=Sell) is an indicator function that is 1 if the investor decides to sell and λ otherwise. The tax code is represented by two functions.
Tax t+1 (c, T, b i , y 0 ) is the tax due on the (taxable, or tax-exempt) interest income received from the bond at time t + 1. b i , the book yield, is indexed by i because it depends on the current choice. If the investor holds on to the bond, it stays the same (b
the investor sells the bond, the book yield resets to the current market yield (b Sell = y t ).
Tax S t (c, T, t buy , b, P t , y 0 ) is the tax due if the bond is sold at time t. These functions are described in a separate subsection below. In the special case that t = T , at the time of maturity, V T is equal to
The choice-dependent, next-period value functions V i t+1 are dened as:
Note that in the denition of V Sell t+1 , b and t buy are replaced by y t and t, because selling the bond resets the book yield to the current yield and the purchase time to the current time.
So far we have taken the current price P t and yield y t as given. The price is dened as a special case of the value function:
P t (c, T, r t ) = V t (c, T, t, y t , r t , y 0 ) .
This denition is recursive: because there is a one-to-one mapping between P t and y t , P t depends on itself. Any guess for P t quickly converges to the unique xed point. Once obtained P t , it is easy to calculate V t for all b = y t using Eq. (2). In the special case t = 0, P 0 depends on itself via the additional channel of the original issue yield, y 0 . Once again, any guess for y 0 converges by iterating the entire backward induction process a few times.
1.3.1. Tax t : the tax on accrued income
For notational convenience, dene the function P (c, T, y) as the price of a bond with coupon rate c, remaining time to maturity T , and yield to maturity y.
• Dene dB = P (c, T − t, b) − P (c, T − t + 1, b). dB is the hypothetical change in tax basis using book yield.
• Dene dRP , the change in revised issue price RP .
If the bond was issued at premium, par, or de minimis OID for taxable bonds, RP t = 1 ∀ t and therefore dRP = 0.
If the bond was issued with OID, revised issue price equals original issue price plus accrued OID: dRP = P (c, T − t, y 0 ) − P (c, T − t + 1, y 0 )
• Dene accrued income as I = C + min (dRP, dB).
Note that accrued income is equal to the coupon plus the lesser of (i) the change in revised price and (ii) the hypothetical change tax basis. Note that dRP ≥ 0 by construction. If dB is negative, the bond is a premium bond and there is premium amortization. If dB is positive, the increase in book value is included only up to the extent of OID accrual. If dB > dRP there is either de minimis OID or any market discount, which does not accrue until the bond is sold.
Accrued income is then multiplied by the appropriate income tax rate τ .
Tax
S t : the tax on gains and losses upon a sale
For notational convenience, dene T buy = T − t buy as the remaining maturity when the bond was bought.
• Calculate the revised issue price at the time of issue (RP 0 ), the time of purchase (RP buy ) and the time of sale, i.e. the current period (RP t ). As above, RP s = P (c, T − s, y 0 )
for an OID bond and RP s = 1 otherwise, for all s.
• Calculate M D, the market discount at the time of purchase.
If bond was bought at issue (T buy = T ), M D = 0.
Otherwise, calculate purchase price B buy = P (c, T buy , b). Note that the purchase price is equal to the book value using the book yield and the original maturity.
Then, market discount is equal to any positive dierence between revised price and actual purchase price. M D = max {RP buy − B buy , 0}
• Calculate current tax basis B t .
If the bond was bought at issue: * If the bond is taxable and was issued with de minimis discount (1 − P 0 ∈ (0, 0.0025int (T )]), the basis is just equal to the issue price (B t = P 0 ). * Otherwise, just use the original issue yield: B t = P (c, T − t, y 0 )
If the bond was bought after issue: * If there is no market discount (M D = 0), calculate current tax basis using book yield: B t = P (c, T − t, b). This includes bonds with an acquisition premium, i.e., bonds trading at a discount that is less than the original issue discount. * If there is any market discount (M D > 0), current basis is equal to purchase price plus accrued OID: B t = B buy + (RP t − RP buy ).
• Calculate sale gain as the dierence between sale price and tax basis: Gain = P t − B t .
• Calculate tax.
If market discount is more than de minimis (M D > 0.0025int (T buy )), calculate the fraction of market discount that has accrued: AM D = M D (t − t buy ) /T buy .
Note that market discount accrues linearly, not using the constant yield method.
If the sale gain is negative, it is treated as a capital loss (taxed at rate τ G ). If it is positive, it is taxed at the market discount rate (τ M D ) up to the amount of accrued market discount, and any excess gain is treated as capital gain: Tax
The issuer's problem, or choosing the optimal coupon rate
The issuer's problem is simple. P 0 (c, T, r 0 ) as dened in the previous subsection is the issue price of a T -year bond with coupon c when the current short rate is r 0 . DeneP 0 as the after-tax cost to the issuer of all future cash ows from the bond:
.
For a given amount that it needs to borrow, the issuer wishes to minimize the present value of the cash ows that it promises to pay back. In other words, the issuer wants to maximize the subsidy ratio W , i.e., the fraction of issued amount that is not compensation for future cash outows:
The optimal coupon c * is simply found by solving the investor's problem for set values of c ∈ {0%, .125%, .25%, ... 10%} and picking the one that gives the highest W .
This rough grid search method yields a less-precise optimum compared to hill-climbing or annealing algorithms. However, a nite optimum may not always exist. In these cases, grid search will simply yield c * = 10%, the maximum value available, while more sophisticated algorithms will fail. In practice, an interior optimal coupon (i.e., below 10%) occurs very often.
1.5. Solution: optimal issue price In the case of tax-exempt bonds (left side of Fig. IA.1 ), W has one or two local maximums.
Premium is always preferred to par, as the slope is steep and positive immediately to the right of par. A local maximum is always reached when the marginal benet from reducing the likelihood of market discount equals the marginal cost of reducing the bond's price volatility.
The other potential local maximum is zero coupon, a corner solution.
The premium solution usually prevails. The zero-coupon solution can only exist and prevail when the bond's maturity is long enough and the interest rate is high enough (e.g., Tax Model results: W , value of the tax subsidy to issuers as a fraction of total amount issued, for tax-exempt bonds (left) and taxable bonds (right) of 5-, 10-, and 20-year maturity (top, middle and bottom row, respectively). W is plotted for dierent values of r 0 , the short rate at the time of issue (2%, 5% and 8%). The marginal investor is a taxable individual. Transaction costs are assumed to be zero.
in the case of a 20-year bond when r 0 = 8%, as in the bottom panel).
1 If these conditions are not veried, realizing losses is not protable. Realizing losses is the only tax arbitrage strategy available to par and OID tax-exempt bond investors. For instance, for a 10-year bond (middle panel), realizing losses is protable only when r 0 = 8%. Already when r 0 = 5%, the volatility benet is muted because there are no protable strategies at all, and W is 0 for all discount bonds, regardless of coupon.
For taxable bonds (right side of Fig. IA.1) , W also has two local maximums. One is, once again, zero coupon. The other is the de minimis boundary. De minimis discount is dened as a discount of less than 0.25 times the number of whole years remaining until maturity. For the investor, de minimis discount is treated favorably, regardless of whether it is original issue discount or market discount: rst, it is taxed at the lower capital gains tax rate, and second, it is deferred until maturity or when the bond is sold (Internal Revenue Code 1273(a)(3)).
For the issuer, however, an osetting rule does not exist: de minimis discount is counted as ordinary interest expense (Treasury Regulations 1.163-4(a)(1)). The net result of issuing bonds with de minimis OID is to convert some ordinary income into capital gains. Because the de minimis boundary is set rather generously, this amount is small but signicant.
2
To see why the de minimis boundary is a local optimum, consider the case of a 5-year bond. The de minimis boundary is 98.75. If the issue price is below 98.75, the bond becomes an OID bond and all interest income (discount and coupon) is taxable as ordinary income.
1 The model predicts that very long-term noncallable bonds are issued with zero coupon. In the data, 80% of noncallable bonds with maturity 20 years or longer are issued with zero coupon. However, noncallable long-term bonds are highly unusual. Because of this potential for sample selection, I am not able to verify whether these bonds are issued with zero coupon for tax reasons or for other reasons.
2 No tax arbitrage is possible for tax-exempt bonds because original issue discount is treated as taxexempt interest, regardless of discount size (Internal Revenue Code 1288(b)(1)). De minimis rules also exist for market discount (1288(a)(2)(C)). Like the rest of market discount rules, they apply to both taxable and tax-exempt bonds, but per se they do not aect the issue price decision. These rules are the subject of Ang et al. (2010) .
If the price is 100 or higher, all interest is also taxable as ordinary income. If the price is between 98.75 and 100, however, an amount of interest equal to 100 minus the price is converted into capital gains. Clearly, issuing the bond at a price of exactly 98.75 has to be a local optimum. Compared to issuing at par, this strategy increases the 5-year bond's value by about 0.24 per 100 face value, dominating any other tax eects.
Unlike in the case of tax-exempt bonds, the zero-coupon optimum always exists and it often prevails, as in the middle and bottom panels (10-and 20-year bonds). This dierence occurs for two reasons. First, by denition of de minimis, the amount of interest that can be converted into capital gains is relatively small. Second, for taxable bonds there are multiple tax timing strategies. For instance, it can be protable to realize gains and losses (Constantinides and Ingersoll, 1984) . Thus, price volatility is more valuable because it increases the value of multiple strategies.
A brief discussion of the eect of ignoring state taxes
The model ignores state taxes. This is a conservative assumption because it reduces the value of realizing losses in most cases. This section contains a brief discussion of the most common cases.
Let's initially consider the case of a taxable individual holding bonds issued by the State of California. It is well-known that the market is segmented (Schultz, 2012) and investors have a bias for own-state bonds. This bias may be bred by familiarity, but it is certainly helped by the fact that many states exempt own-state bonds from state income tax. Thus, the most common case is that the individual is also a resident of California. In this case, state tax rules mirror and magnify the eect of federal ones: investors get a tax deduction for capital losses (both at the state and federal level), but they do not pay tax on coupon income (either at the state or federal level). Thus, in the most common case, ignoring state taxes underestimates the value of tax timing.
If the investor is, instead, a resident of Oregon, coupon income is taxable at the state level. However, Oregon (like almost all other states) does not have a preferential tax rate for capital gains. Thus, in Oregon, realizing losses is particularly valuable. Suppose our investor's marginal tax rate is 5%, and that she realizes $100 of losses. This will give her an immediate benet of $5. The investor then buys back the bond immediately with a $100 lower tax basis, and therefore realizes $100 of additional interest income spread over the life of the bond. This additional income will cause her to pay additional taxes of $5. In other words, it's as if the investor received a $5 interest-free loan from the government of Oregon.
To be sure, the present value benet of this loan is small, but to the extent that it exists, it further adds to the investor's benet and the taxpayer's burden. Thus, in the second most common case, ignoring state taxes is either harmless or it causes a slight underestimate of the value of tax timing. Some states, like Texas, do not tax income at all. Thus, if the investor is a resident of Texas, ignoring state taxes is entirely appropriate. It is also appropriate to ignore state taxes for bonds issued under those U.S. jurisdictions (such as Puerto Rico) whose bonds cannot be taxed by U.S. states.
Finally, to the best of my knowledge, the case of a Hawaii investor holding non-Hawaii bonds is the only example in which ignoring state taxes may slightly overestimate the eect of tax timing. Hawaii taxes interest on out-of-state bonds and has a preferential tax rate for capital gains. Suppose the investor has a 9% marginal tax rate on interest and a 7.5% marginal tax rate on capital gains. By realizing $100 of losses and immediately repurchasing the bond, the investor will receive an immediate $7.5 tax benet, but will face $9 in additional taxes spread over the life of the bond. For a reasonable range of discount rates, the present value of realizing losses is small in absolute value.
